We introduce a new algebra B l (z, q) depending on two nonzero complex parameters such that B l (q n , q) at q = 1 coincides with the Brauer algebra B l (n). We establish an analog of the Brauer-Schur-Weyl duality where the action of the new algebra commutes with the representation of the twisted deformation U ′ q (o n ) of the enveloping algebra U(o n ) in the tensor power of the vector representation.
Introduction
In the classical Schur-Weyl duality the actions of the general linear group GL(n) and the symmetric group S l in the tensor power (C n ) ⊗ l are centralizers of each other. A quantum analog of this duality is provided by the actions of the quantized enveloping algebra U q (gl n ) and the Iwahori-Hecke algebra H l (q) on the same space; see Jimbo [8] , Leduc and Ram [10] .
If the group GL(n) is replaced with the orthogonal group O(n) or symplectic group Sp(n) (with even n) the corresponding centralizer is generated by the action of a larger algebra B l (n) called the Brauer algebra originally introduced by Brauer in [2] . The group algebra C[S l ] is a natural subalgebra of B l (n). When U q (gl n ) is replaced by the quantized enveloping algebra U q (o n ) or U q (sp n ) then the corresponding centralizer is generated by the action of the algebra BMW l (z, q) introduced by Birman and Wenzl [1] and Murakami [12] ; here the parameter z should be appropriately specialized. The algebraic structure and representations of the Brauer algebra and the Birman-Wenzl-Murakami algebra were also studied by Wenzl [18] , Ram and Wenzl [16] , Leduc and Ram [10] , Halverson-Ram [6] , Nazarov [13] .
Unlike the classical case, the algebras U q (o n ) and U q (sp n ) are not isomorphic to subalgebras of U q (gl n ). Accordingly, the Iwahori-Hecke algebra H l (q) is not a natural subalgebra of BMW l (z, q). On the other hand, there exist subalgebras U ′ q (o n ) and U ′ q (sp n ) of U q (gl n ) which specialize respectively to U(o n ) and U(sp n ) as q → 1. They were first introduced by Gavrilik and Klimyk [4] (orthogonal case) and by Noumi [14] (both cases). Following Noumi we call them twisted quantized enveloping algebras. Although U ′ q (o n ) and U ′ q (sp n ) are not Hopf algebras, they are coideal subalgebras of U q (gl n ). These algebras were studied in [14] in connection with the theory of quantum symmetric spaces. The algebra U ′ q (o n ) also appears as the symmetry algebra for the q-oscillator representation of the quantized enveloping algebra U q (sp 2m ); see Noumi, Umeda and Wakayama [15] . Central elements and representations of U ′ q (o n ) were studied by Gavrilik and Iorgov [5] , Havlíček, Klimyk and Pošta [7] , Klimyk [9] . A relationship between the algebras U ′ q (o n ) and U ′ q (sp n ) and their affine analogs was studied in [11] .
In this paper we only consider the algebra U ′ q (o n ) although the results can be easily extended to the symplectic case as well. We define a new algebra B l (z, q) and show that its action on the tensor power of the vector representation of U q (gl n ) (with z = q n ) commutes with that of the subalgebra U ′ q (o n ) ⊆ U q (gl n ). We thus have an embedding (at least for generic q) of the Iwahori-Hecke algebra H l (q) into B l (z, q). Moreover, the algebra B l (q n , q) coincides with the Brauer algebra B l (n) for q = 1. This work was inspired by Arun Ram's illuminating talks in Sydney and Newcastle. I would also like to thank him for valuable discussions. 
The generators σ i and e i correspond to the following diagrams respectively: 
The subalgebra of B l (η) generated by σ 1 , . . . , σ l−1 is isomorphic to the group algebra C[S l ] so that σ i can be identified with the transposition (i, i + 1). It is clear from the presentation that the algebra B l (η) is generated by σ 1 , . . . , σ l−1 and one of the elements e i . The following proposition is easy to verify. We put k = l − 1 to make the formulas more readable.
Proposition 2.2
The Brauer algebra B l (η) is isomorphic to the algebra with generators σ 1 , . . . , σ l−1 , e l−1 and the defining relations
where
Note that τ is the permutation (k − 2, k)(k − 1, k + 1) and so the last relation of Proposition 2.2 is equivalent to the relation e k−2 e k = e k e k−2 in the presentation of Proposition 2.1.
Suppose now that q and z are nonzero complex numbers.
Definition 2.3
The algebra B l (z, q) is defined to be the algebra over C with generators σ 1 , . . . , σ l−1 , e l−1 and the defining relations
We have used the same symbols for the generators of the both algebras B l (z, q) and B l (η) since B l (z, q) becomes the Brauer algebra for the special case q = 1 where z is chosen in such a way that the ratio (z − z −1 )/(q − q −1 ) takes value η at q = 1. In particular, if η = n is a positive integer then B l (q n , q) coincides with B l (n) for q = 1. The relations in the first line of Definition 2.3 are precisely the defining relation of the Iwahori-Hecke algebra H l (q). So we have a natural homomorphism
Its injectivity for generic q (not a root of unity) can be deduced from the Schur-Weyl duality between U q (gl n ) and H l (q); see Section 4. We can therefore regard H l (q) as a subalgebra of B l (z, q). The algebra B l (z, q) has a presentation analogous to the one given in Proposition 2.1. However, it does not seem to exist an obvious choice of a distinguished family of generators analogous to the e i . As an example of such a family we can take the elements e i of the algebra B l (z, q) defined inductively by the formulas
Then the following relations are easily deduced from Definition 2.3:
σ i e j = e j σ i , |i − j| > 1, e i e i+1 e i = e i , e i+1 e i e i+1 = e i+1 , e i σ i+1 e i = e i σ i−1 e i = z e i , e i σ −1
The analogs of the Brauer algebra relations e i e j = e j e i where |i − j| > 1 have a complicated form and we shall not write them down.
Quantized enveloping algebras
We shall use an R-matrix presentation of the algebra U q (gl n ); see Jimbo [8] and Reshetikhin, Takhtajan and Faddeev [17] . As before, q is a nonzero complex number. Consider the R-matrix
which is an element of End C n ⊗ End C n , where the E ij denote the standard matrix units and the indices run over the set {1, . . . , n}. The R-matrix satisfies the YangBaxter equation
where both sides take values in End C n ⊗End C n ⊗End C n and the subindices indicate the copies of End C n , e.g., R 12 = R ⊗ 1 etc. The quantized enveloping algebra U q (gl n ) is generated by elements t ij andt ij with 1 ≤ i, j ≤ n subject to the relations
Here T and T are the matrices 4) which are regarded as elements of the algebra End C n ⊗ U q (gl n ). Both sides of each of the R-matrix relations in (3.3) are elements of End C n ⊗ End C n ⊗ U q (gl n ) and the subindices of T and T indicate the copies of End C n where T or T acts. We shall also use another R-matrix R given by
We have the relation
is the permutation operator. The coproduct ∆ on U q (gl n ) is defined by the relations
The universal enveloping algebra U(gl n ) can be regarded as a limit specialization of U q (gl n ) as q → 1 so that
Following Noumi [14] introduce the twisted quantized enveloping algebra U ′ q (o n ) as the subalgebra of U q (gl n ) generated by the matrix elements s ij of the matrix S = T T t . More explicitly,
It can be easily derived from (3.3) that the matrix S satisfies the relations
12)
where ′ R denotes the element obtained from R by the transposition in the first tensor factor:
It can be shown that (3.12)-(3.14) are defining relations for the algebra U ′ q (o n ); see [15] , [11] . A different presentation of U ′ q (o n ) is given in the original paper by Gavrilik and Klimyk [4] . An isomorphism between the presentations is provided by Noumi [14] .
As q → 1 the algebra specializes to U(o n ) so that
Quantum Brauer duality
We start by recalling the well-known quantum analog of the Schur-Weyl duality between the quantized enveloping algebra U q (gl n ) and the Iwahori-Hecke algebra H l (q); see [8] , [10] , [3, Chapter 10] . Consider the vector representation U q (gl n ) → End C n of the algebra U q (gl n ) defined by
(4.1)
It will be convenient to interpret the representation in a matrix form. We shall regard it as the homomorphism
so that the images of the matrices T and T are given by
where we label the copies of End C n in the tensor product End C n ⊗ End C n by the indices 0 and 1, respectively, and the left prime of the R-matrices denotes the transposition in the first tensor factor; see (3.15) .
Using the coproduct (3.8) we consider the representation of U q (gl n ) in the tensor product space (C n ) ⊗ l . In the matrix interpretation it takes the form
where the multiple tensor product in (4.4) contains l + 1 factors labelled by 0, 1, . . . , l.
We letŘ denote the element of the algebra End C n ⊗ End C n defined by
The mapping
defines a representation of the Iwahori-Hecke algebra H l (q) in the space (C n ) ⊗ l . If the parameter q ∈ C is generic (nonzero and not a root of unity) then the actions of U q (gl n ) and H l (q) on (C n ) ⊗ l are centralizers of each other. Moreover, if l < n then H l (q) is isomorphic to the centralizer of U q (gl n ).
Consider now the restriction of the U q (gl n )-module (C n ) ⊗ l to the subalgebra U ′ q (o n ). The action of the elements s ij is given by the formula
Clearly, the operatorsŘ i,i+1 belong to the centralizer of the action of U
Proof. We need to verify that Q l−1,l commutes with the image of the matrix S given in (4.8). It is sufficient to consider the case l = 2 since Q l−1,l commutes with ′ R 0i and R 0i for i ≤ l − 2. The result will follow from the relations
(4.10)
Let us prove the first equality. We verify directly that the operators The following theorem establishes a quantum analog of the Brauer duality between the algebras U ′ q (o n ) and B l (z, q) at z = q n .
Theorem 4.2 The mappings
and
define a representation of the algebra B l (q n , q) on the space (C n ) ⊗ l . Moreover, the actions of the algebras U ′ q (o n ) and B l (q n , q) on this space commute with each other.
Proof. The second statement follows from Proposition 4.1. We now verify the relations of Definition 2.3 with z = q n for the operatorsŘ i,i+1 and Q l−1,l . This is done by an easy calculation for all relations except for the last one whose proof is more involved. Clearly, in order to the verify the latter we may assume that l = 4. We start by proving the following relations 17) where I is the identity operator. ReplacingŘ by P R we can rewrite the left hand side of (4.16) as
Introducing the diagonal matrix
we can present the operator Q 12 ∈ End C n ⊗ End C n as
where for any operator
we denote by ′ A and A ′ the corresponding transposed operators with respect to the first or second tensor factor: Multiplying directly the matrices, we get
Furthermore,
The operator (4.26) now becomes
Performing another multiplication, we write this as
with 
